Exercises 2.1 Solutions

1. We can rewrite the function as

)14+ (x+2), x< -2 3+4x, x < =2
S l1-(x+2), x>-2 |-1-x x>-2

To verify it is non-differentiable at x = —2, we must observe the following limits:
lim 3+ x+h—(3+x) ~ lim ﬁ:l
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Thus the derivative of the given function at x = —2 does not exist. Indeed, if we look at the
graph of the curve, there is a corner at x = —2.
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The function is, however, continuous at x = —2. You can use the three-part definition to verify.
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Quite boring. ..



. Instead of finding ¢’(x), we simply observe that g(6) and g’(6) are undefined, and thus g is not
continuous at those x-values. Therefore g is also not differentiable at x = 6 and x = —6.

. The slope of the tangent line to f atx = 1is f'(1):

£1) = tim PR = fQ) _ oy fAED) —fQ) _pp —4( 402 +4(01)

h—0 h—0 h—0 h
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h—0 h h—0
. Atx = —2, we have y = 3. To find the slope of the tangent, we need the derivative at x = —2:
3 .3 _ 32)+3(2+h)
— _ _ pu—— + =4
dy — lim y(=2+h) —y(-2) — lim 22 i 2(2+h)
dx|,__, h->0 h—0 h h—0 h
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Therefore the equation of the tangent line is

3 3
y—5=,x+2)
7. Ify = x%:
dy . (x+h)?—x% P +32h+3xh®+ k2 —x® . h(3x%+3xh+ h?)
—~ —lim~—" " — lim = lim
dx k-0 h h—0 h h—0 h
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Exercises 2.2 Solutions

1. Since tanx = 20X Jet = sinx = 1’ = cosx and v = cosx = v/ = —sinx:
d cosx-cosx —sinx-—sinx  cos?x + sin® x 1 2
—tanx = 5 = 5 = 5 = sec”x
dx cos? x cos? x cos? x
Since cotx = £3%, let u = cosx = u’ = —sinx and v = sinx = v’ = cos x:
—sinx-sinx —cosx-cosx  —sin®x — cos? x 1 5
—cotx = 5 = 5 = - = —0scXx
dx sin® x sin® x sin® x
Since csc x = Si%,letu =1=u'=0and v = sinx = v’ = cosx:
0-sinx —1-cosx cos X 1 Ccos X
— CSCx = 5 =5 == - — = —cscxcotx
dx sIn” x sIn” x sinx Ssinx

2. @ y(2)=5-2+2(2)?%=11

dy _ _ dy| _ _
(b)a_ 1+4x:>dx T 1+4(2)=7

d?y d?y
(C)@—4:>@x:2—4

3. (@) Letu=sinx = ' =cosxandv=Inx = v = %:

sin x

d . . 1
d—smxlnx =cosxInx +sinx-—cosxInx +
X x

2

(b) Letu =2¢* = u' =2¢* and v = tanx = v/ = sec* x:

d
—2¢% tan x = 2¢” tan x + 2¢* sec’ x = 2¢* (tan x + sec? x)

dx
: 2 _ _ _ I o : .
(c) We can rewrite cos” x = cosx -cosx. Letu =v =cosx = 1’ = v/ = —sinx:
d ) ) : .
—COS“X =CosXx-—sinx +cosx-—sinx = —2sinxcosx

dx

4. A horizontal line has a slope of 0. So we find all points on the curve such that the derivative of
y with respect to x is equal to 0.

d
d—z:3x2+18x+15:3(x2+6x—|—5):3(x+5)(x+1):O:>x:—5,x:—l

To now find the corresponding y-coordinates of the points on the curve, we substitute these
x-values into the original equation:

y(—=5) =23 «~ (=5,23), y(=1) = =9 &~ (—1,-9)



5. First, ¢’(x) = 6x% + a. The tangent line has a slope of 9 at x = 2, meaning
§d(2)=9=622+a=a=-15
Also, we know the point (2, 8) lies on the graph of g, so

g(2) =8=2(2)%-15(2) +b = b =22

6. (a) Letu:\/f:tl/2:>u’:%t_1/2:Zi\/;andv:tz—3:>v’:2t:

2_
ay oL (P —3) - Vit _ S22Vt _ S3(P+)
dt (12 —3)2 (2 =3)% 2Vt —3)?

(b) If you're clever, you may notice we can break up the fraction!

It T - S
V=" g p=tt

from which we may simply use the power rule:

dy 5 1
Y4221+
a 't e

7. (a) The functions f and g are inverses. Indeed f(g(x)) = g(f(x)) = x.
y

flx) =2

(b) f'(x) =3x% and g(x) = x'/® = ¢'(x) = %x*2/3

(¢) f'(2) = 12and g'(8) = 5. This may be unsurprising, since one of the properties of inverse
functions is that, visually, they are reflections over the line y = x.

(d) f(2) =8, so the tangent line equationis y — 8 = 12(x — 2).
¢(8) =2, so the tangent line equationis y — 2 = {5 (x — 8).



8. If h is to be differentiable everywhere, it must be both continuous and differentiable at x = 1.
To ensure that it is continuous, we need

lim h(x) = lim h(x) = a+b(1)=1>=a+b=1

x—1- x—1+t

To ensure that it is differentiable, we need

lim /' (x) = lim K(x) =b=2(1) = b=2=a= -1
x—1- x—1t

9. (a) Using the quotient rule,letu =1 = 1’ =0and v = x> = v/ = 3x%:

dy 0-x°-1-3x> —3x* 3
dx (x3)2 x6  xt

(b) Trivially, using the power rule,

Using the power rule is obviously much easier!

10. (a) f'(x) = cosx, f"(x) = —sinx, f""(x) = — cosx, and f*)(x) = sin x. The functions repeat
every fourth iteration of differentiation!

(b) f19)(x) = —sinx
11. If f(x) = ¢ = cx¥, then by the power rule, we have

fl(x)=0-cx =0

12. The proof can be followed by reading, but it includes a lot of algebra!

d . flx+h)g(x+h) — f(x)g(x)

I (x)g(x) = lim p

Currently, there is not much we can do; we will start by subtracting and adding the term to the
numerator f(x + h)g(x):

flxthgx+h) - flx+h)g(x) + f(x + h)g(x) - f(x)g(x)

= lim

h—0 h
i JEENGEE W —g() | s (Fx+h) ~ f(x))
h—0 h h—0 h

= fim £ ) fm SO )i FE

= f(x)8'(x) + g(x)f'(x)



Exercises 2.3 Solutions

1. (a) %(—ln(cosx)) =— - —sinx = tanx

COs X

(b) 4 csc(—4x) = — csc(—4x) cot(—4x) - —4 = 4 csc(—4x) cot(—4x)

dx
(©) %12(3x —7x3 +14)° = 60(3x — 7x% 4 14)*(3 — 21x?)
(d) %esinx — esinx . COS X
d -1 -1 —2
e) —cos ()= ———-2= ——
@ o8 == 2T e

d 1 6x2 — 2x
f 723_ 21/3:723_ 2\—2/3 . 2_2 —
O g0 =) = 50 =)o 20 = B

(g) Letu =x =1’ =1and v = \/secx = (secx)!/? = v/ = (secx) /2. secxtanx:

d x  1-(secx)/?—Jx(secx)!/Zsecxtanx
dx \/secx secx

(h) When we differentiate, we need to multiply by the derivative of the argument of the nat-
ural logarithm. For that,letu = (x +2)° = u' =3(x+2)?and v =x = ¢/ = 1:

T (x+2)37 x2 Cox242x

—In
x

d <(x—|—2)3> X 3x(x +2)2— (x+2)% 2x-2
dx

(i) cic cos (ex5’3x> = —sin (ex5,3x) e 3 (5x* —3)

2. A vertical line has a slope which is undefined. So we are looking for the points on the curve for
which the derivative of y with respect to x is undefined:

d d
2 4,2, YN o0y, Y
2(x" +y7) (2x+2y x) 2x — 2y iy
d d d
3 2, %Y 2 3.9 50, Y
= 4x° +4x°y dx—|—4xy + 4y P 2x — 2y P
:—jz (4x%y + 4y° + 2y) = 2x — dxy? — 4x°

dy  2x —4xy® —4x°

dx  4xZy+ 45 + 2y

The derivative is undefined when the denominator is 0 <= y = 0 and x # 0. If we want the
coordinates of these points, we substitute y = 0 into the equation of the curve:

(P40 =220 = ' =2 = x = +1

The points on the curve which have a vertical tangent are (—1,0) and (1,0).



3. f/(x) = cos(sin(sin(sinx))) - cos(sin(sin x)) - cos(sin x) - cos x
4. (a) Ifh(z) ;f(g(f;))rthen W(x) = f'(g(x)) - g'(x) and H'(2) = f'(g(2)) - §'(2) = f'(=1) -3

(b) If k(x) = f(x)g(x), then k'(x) = f'(x)g(x) + f(x)g(x) and K'(5) = f'(5)8(5) + f(5)&'(5)
=12-3-3-10=6

5. Ify = (1— 3x)3, then

d?y 1 2
:>7dx2 —2 (1 - 3x> —g — - §x
d3y
a9

7. (a) Using implicit differentiation:

dy dy dy 2y —6x

We can also find the rate of change of x with respect to y:

dx gy B I 2o
dy = 4 dy dy 2y —6x

6x -

(b) Unsurprisingly, the rates of change are reciprocal!

8. (a) Using implicit differentiation:

dy _ dy ~ «x
d%y y—x-g  yHxg 24y

= a2 vz v I

(b) Again, using implicit differentiation:

dy dy «x
dy yoxog YoXG -




(c) Isn’t this fun...

d d —3x2 -2
2 9V v _ Y
3x° + 2y +2x P 0:>dx ox
dPy _ (6x—2-§)-2x— (=32 -2y)-2 2y
dx? (2x)2 x2

9. Recall the change-of-base formula:

=1 x—ln—x:>%— L
Yy=08Y= 1777 4x  xIn2

10. Atx = 4,y(4) = 5% = 52 = 25. The slope of the tangent is the derivative at x = 4:
A N T T
dx 2\/x dx|,_4 4 4
Thus the equations of the required tangent and normal line are, respectively

25 4
y—25—zln5(x—4) y—25—251r15

(x—4)

11. We have

= arctanx <— x = tan :>%—sec2 — % -

1
"~ sec?y

We can get this expression in terms of x by viewing y as an angle.
Since x = tany, we draw a right triangle using
X  opposite

t = — =
any 1 adjacent

V142
The Pythagorean Theorem tells us that the length of the hy-

potenuse is 1 + x2, and we then have
V1 2 d 1 1
+x . dy

1 dr  se?y 1+x2

secy =

.

1

12. It is unnecessary to evaluate the limit. Notice that, for each of these questions, we are simply
being asked for the derivatives of certain functions!

(a) We need the derivative of f(x) = sec(2x) = f'(x) = 2sec(2x) tan(2x)

(b) Here, we want the derivative of f(x) = Inx evaluated at x = e:

fx) =Tnx = f0) = L = Fe) =,



13. First, we find

2x+2y-jZ:O:>jZ: ;

Therefore the slope of the normal line for all points on the unit circle is —%. Let (xo, o) be any
point on the unit circle. Any normal line has the form

y—yOZ—%g(x—xO):>y=yo—xyo—yo=xyo

which has a y-intercept of 0 for any values of (xo, yo).

14. We can write é% = f(x) - (g(x))~1. The power rule, product rule, and chain rule give us

;f;i = /() (§(x) 7+ fx) - ~(8(0)) 8 (x)




